JSTOR is a not-for-profit service that helps scholars, researchers, and students discover, use, and build upon a wide range of content in a trusted digital archive. We use information technology and tools to increase productivity and facilitate new forms of scholarship. For more information about JSTOR, please contact support@jstor.org. 1. Introduction. Consider a triangle or a square in the plane R2 whose edges are inextendible, incompressible rods which are joined but rotate freely at the vertices. The square is said to be flexible in R2 since the square can move continuously (or fall over) into a family of rhombi, as shown in Fig. 1 . However, the triangle is said to be rigid in R2 since the three rods determine the relative positions of the three vertices. Similarly, a tetrahedron in R3 consisting of six rods, connected but freely pivoting at the four vertices, is rigid in R3, while a cube constructed in the same fashion is flexible in R3. The collection of rods and connectors (or framework) shown in Fig. 2 , consisting of two triangles with a common edge, is rigid in R2 but flexible in R 3 since one triangle can then rotate relative to the other along the common edge. (Precise definitions will appear in Section 3.)
1. Introduction. Consider a triangle or a square in the plane R2 whose edges are inextendible, incompressible rods which are joined but rotate freely at the vertices. The square is said to be flexible in R2 since the square can move continuously (or fall over) into a family of rhombi, as shown in Fig. 1 . However, the triangle is said to be rigid in R2 since the three rods determine the relative positions of the three vertices. Similarly, a tetrahedron in R3 consisting of six rods, connected but freely pivoting at the four vertices, is rigid in R3, while a cube constructed in the same fashion is flexible in R3. The collection of rods and connectors (or framework) shown in Fig. 2 , consisting of two triangles with a common edge, is rigid in R2 but flexible in R 3 Is a given framework rigid or flexible in a given Euclidean space RI? This, the basic question of the subject, does not arrive conveniently labeled as a problem in algebra or analysis or some other field. In fact, contributions have been made to the rigidity problem from a variety of areas, including algebraic geometry, differential topology, complex analysis, projective geometry, linear algebra, graph theory, and combinatorial geometry. Even the Inverse and Implicit Function Theorems from advanced calculus provide powerful tools for the study of rigidity and flexibility, as we shall soon see. The subject simply arises from a real-world problem of some importance and leads to interesting mathematical questions which one attacks by any available means.
The question is hardly new. For well over a century, mathematicians, engineers, and others have studied frameworks under such names as linkages, linkworks, and mechanisms. Their labors produced general results ranging from the theorem of Cauchy [9] on the rigidity of surfaces of convex polyhedra to the proof of Kempe [19] that any algebraic curve in the plane can be (locally) drawn by an appropriate framework in R2. But there was widespread interest in specific frameworks as well, ranging from the work of Bricard [8] , Bennett [5] , and others on flexible octahedra in R3, to the linkage of Peaucellier described by Hilbert and Cohn-Vossen [17, p. 273] which traces out a straight line segment. And attention was also paid to the statics of frameworks, i.e., the resolution of external forces on the framework through the formation of forces of compression and tension in the rods of the framework. A bibliography on linkages compiled by Kanayama [18] in 1933, containing over three hundred entries, provides an interesting picture of the variation in activity over the years. The frequent appearance of names such as Cayley, Maxwell, Sylvester, and Tchebychef in the literature indicates the problems were widely known and of broad appeal. Recent years have witnessed a rebirth of interest and some exciting new results in rigidity, ranging from results of Laman [21] concerning combinatorial methods in the plane to the work of Bolker and Crapo [6] , [7] on bracing grids of squares and cubes. Perhaps the most striking modem contribution is the flexible polyhedral surface of Connelly [10] , [11] , [12] , an account of which appears in Kuiper [20] . Yet another significant event is the recent appearance of the research bulletin Structural Topology, one of whose primary themes is rigidity.
The present paper seeks to impart something of the flavor of the subject by introducing some of its concepts and techniques in an elementary way and then using these to settle one natural and basic question. We begin with a brief look at a few simple examples which may expose the reader to some unfamiliar uses of familiar theorems. After formulating definitions and describing a simple rigidity predictor based on the Inverse Function Theorem, we focus on the following problem. A convex polyhedron C in R3 gives rise to a framework in a natural way-namely, the framework of vertices and edges of C. Which convex polyhedra give rigid frameworks in R3? The answer is simply those polyhedra for which every face is a triangle. Its proof relies on ideas which, although originally introduced by Cauchy in 1813, remain among the most beautiful and important in the subject.
Finally, I wish to acknowledge my debt to Herman Gluck-much of the present paper is simply an expanded (and perhaps clarified) version of his paper [15] .
2. Elementary Examples. EXAMPLE 2.1. Consider the square framework shown in Fig. 1 , where the vertices initially have coordinates pI = (0, 1), P2 = (1, 1), p3 = (0,0), and p4 = (1,0) in R2. To prevent the square from moving in the plane by translations and rotations -(in which the relative positions of the vertices do not change), we fix two vertices of the framework which are joined by an edge, say the third vertex, p3, and the fourth, p4. The remaining vertices will be allowed to assume any position consistent with the constraints imposed by the edges.
Let the coordinates of the first and second vertices of the framework be xl and x2, respectively, and let j . j denote the Euclidean norm in R2. Then the set of solutions of the system of edge equations
is the set of possible locations of the first and second vertices of the framework. (In general we allow edges to cross each other and vertices to coincide, ignoring any mechanical problems that might arise in this way.) The family of solutions x(t) =(t, t2), x2(t) = (I + t, \i7'7_) for t E [0, 1] gives the flexing of the square shown in Fig. 1 which begins at (P1,P2) = (0, 1, 1, 1), i.e., satisfies (Xl(0), X2(0)) = (P1,P2). EXAMPLE 2.2. We add an edge between the second vertex, P2, and the third, p3, of Example 2.1, obtaining the framework shown in Fig. 2 . Again fix vertices p3 and P4 of the framework and let xl and x2 be the coordinates of the first and second vertices. The system of edge equations now consists of the three equations (2.1) together with the equation Ix2-p3j12 =IX212 = 2. as can easily be seen by drawing circles to represent the solution sets of the various edge equations. Since the first and second vertices of the framework cannot continuously move away from their given position p = (p1,p2) = (0, 1, 1, 1) while remaining in the solution set of the system of edge equations, the framework is rigid in R2.
Thus it is the nature of the solution set of the system of edge equations near the given location of the vertices of the framework which determines the rigidity or flexibility of the framework. And to predict the rigidity or flexibility of a framework in the plane, one need only solve its system of edge equations, at least near the initial location of its vertices. This very elementary approach to rigidity generalizes to higher dimensional spaces, although some care must be exercised in choosing the vertices to fix in order to eliminate the motions of the framework as a rigid body. For example, in R3 one can fix three noncollinear vertices, all pairs of which are joined by edges, i.e., fix a triangle.
The Inverse and Implicit Function Theorems provide a somewhat more sophisticated approach to rigidity. It is convenient at this stage to adopt a slightly different point of view and consider the edge function of a framework rather than the system of edge equations. The edge function of Example 2.2 is the function f: R4--R4 defined for x =(xI, x2) E R2x R2 = R4 by f(x) = (IxI -x212, Ix -p3 12, jx2 P412, jx2 p312) (2.2) where p3 and p4 are the two fixed vertices. The solution set of the system of edge equations is precisely f -'(f(p)) where p = (P1,P2) = (0, 1, 1, 1). The Inverse Function Theorem says that a continuously differentiable function f from Rn to Rn has a continuously differentiable inverse in a neighborhood of any point p ER Rn for which the derivative df(p) is a nonsingular linear transformation. Therefore, among other things, the Inverse Function Theorem guarantees that f is one-to-one in a neighborhood of any p E Rn for which df(p) has rank,n. where the first column is obtained from partial derivatives with respect to the coordinates of xl and the second column from partial derivatives with respect to the coordinates of x2. One simple geometrical way to see that df(p) is invertible is to show that its rows are linearly independent. Consider a linear combination of the rows of df(p) which equals zero. Summing over the first colunm of df(p), we see that the coefficients of the first two rows of df(p) must vanish since PI -P2 and PI -P3 are clearly linearly independent vectors in R2. Similarly, summing over the second colunm of df(p) shows that the coefficients of the last two rows of df(p) also vanish since P2-p4 andP2 p3 are linearly independent. By the Inverse Function Theorem, there exists a neighborhood U of p =(p1,P2) in R4 such that f is one-to-one on U. Therefore, f -(f(p)) n U= (p}, i.e., p is the only solution of the system of edge equations in U. The meaning of this is pictured in Fig. 3 where U1 and U2 are neighborhoods of p1 and p2, respectively, such that U1 x U2 c U. The only solution (x 1,x2) of the edge equations with xl E U1 andx2 E U2 is given by (XI,X2) = (P1,P), and thus it is not possible to continuously move the first and second vertices of the framework away from their given positions pi andp2 while preserving the edge lengths of the framework. Therefore the framework is rigid in R2.
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P3 P4
The reader might find it instructive to verify the rigidity of a tetrahedron in R3 in the same way, remembering to fix a triangle and considering the matrix df(p) as having just one column with entries that are vectors in R3.
The Implicit Function Theorem, which can be viewed as providing information about sets of the form f '(f(p)), turns out to be every bit as useful for establishing the flexibility of 1 ) and (t,g(t)) ef -l (f(p)) for all t E U. Of course, in this particular example, we even know that
since g is unique and
However, the important thing is that (t,g(t)) for t E U gives a flexing of the square satisfying
In general, the Implicit Function Theorem (if applicable) allows one to vary some coordinates of some vertices in a neighborhood U and the function g then prescribes the remaining B. ROTH [January coordinates of the vertices in such a way as to remain in the solution set of the system of edge equations. Even if U c RI where n > 1, it is then easy to produce a continuous path x beginning at p and lying in the solution set of the system of edge equations, i.e., satisfying x(0) =p and
. This is essentially the definition of flexibility we adopt in the next section.
3. Definitions. In this section, definitions of frameworks, edge functions, rigidity, and flexibility are formulated in Rn in order to deal with the most interesting cases (n = 2 and n = 3) simultaneously.
An (abstract) framework G is a set V= {1,2,,...,, v) together with a nonempty set E of two-element subsets of V. Each element of V is referred to as a vertex of G while each element of E is called an edge of G. For iE V, we let a(i)={ j V: {i,j)EE), the set of vertices of G which are adjacent (or joined by an edge) to the vertex i. Since an (abstract) framework is really nothing other than an (abstract) graph, we occasionally use the language of graph theory. However, our primary interest is not in abstract frameworks but rather in their concrete realizations in some Euclidean space R n. A framework G(p) in R n is an abstract framework G=( V, E) together with a point
We refer topA for i E V as a vertex of G(p) and the closed line segment [p,,pj] in RI for { ij) E E as an edge of G(p). In other words, the framework G(p) in RI is obtained by locating vertex i of G at the point PA E Rn.
For the remainder of the paper, we dispense with fixing vertices; and thus our definition of the edge function of a framework now takes a slightly different form. Consider a framework G=(V,E) with v vertices and e edges, i.e., V= {1,... ,v) and E has e elements. Order the e edges of G in some way (lexicographically, if you wish) and define f: Rnv-* R', the edge function of G, by f(P) =ff(P i, . ..,Pv)= .'*.,PIA jy2,. ...)
where {i,j) E E, pk E Rn for 1 ? k ? v, and I
. denotes the Euclidean norm in RI. If G(p) is a framework in Rn, then f(p) e RI consists of the squares of the lengths of the e edges of G and thus f -(f(p)) is the set of q E RlRV such that G(p) and G(q) have corresponding edge lengths equal. EXAMPLE 3.1. Consider the framework of Example 2.2. shown in Fig. 2 . Its abstract framework G is given by V= { 1, 2, 3, 4) and E ={{1, 2), { 1, 3), {2,3}, {2,4), {3,4)) and we examined the framework G(p) in R2 where
The edge function of G is the map f: R8'-R5 defined by f(q)= (Iqi -q212, ql -q312, Iq2-q312, 1q2-q412, kq3i q412) where q = (ql, q2, q3, q4) E R2X R2 X R2x R2 =R8.
Unfortunately, the set f -1(f(p)) now includes all q E Rnv that are obtained by simply moving the vertices p of the framework G(p) around by translations, rotations, and, in general, rigid motions of R . Recall that a rigid motion of Rn is a distance preserving map T: RI R i.e., a map satisfying I Tx-TyI = Ix-yI for all x and y in R. For p =(p1, I ...,pV) and q=(q I ... qv) in Rnv, we say that p and q are congruent if there exists a rigid motion T of R' such that Tpi = q, for 1 S i S v. If G(p) is a framework in Rn and f is its edge function, then the set M= {q E R?v: q is congruent to p) is obviously a subset of f `(f(p)) since rigid motions are distance preserving.
The set M of points congruent to p is a smooth manifold (where here and throughout the paper "smooth" means infinitely differentiable). Moreover, if the affine span of the points p1,... ,pv, is Rn (which means that the points Pi, .., p,, do not lie on any hyperplane in Rn), then M is n(n + 1)/2-dimensional since it arises from the n(n -1)/2-dimensional manifold of orthogonal transformations of Rn and the n-dimensional manifold of translations of Rin. Thus M is 6-dimensional for G(p) in R3 and 3-dimensional for G(p) in R2. We are now in a position to define rigidity and flexibility. The concepts of rigidity and flexibility are invariant under reasonable changes in the definitions. For example, requiring that the path x be infinitely differentiable (or even real analytic) or that x(t) be noncongruent top for just some t e(O, 1] leads to equivalent notions of flexibility (see Gluck [15] or Asimow and Roth [2] ). However, there is one disconcerting feature of our definition of rigidity. One would like rigidity to mean that every q ef -1(f(p)) sufficiently close to p is actually congruent to p (which is the analog of the behavior shown in Fig. 3 in the present setting with no vertices fixed) and it is far from clear that our definition guarantees this. Recall now that a flexing x(t) of G(p) begins at p, preserves edge lengths, and also does not belong to the manifold M of points congruent to p for all t> 0. In the same spirit, we require that an infinitesimal flexing u of G(p) instantaneously preserve edge lengths, i.e., satisfy (4.1), and also not belong to the tangent space T. to the manifold M at the point p. Note that Tp c kernel df(p), since if x = (xi,. . . ,x) )R--M is a smooth path with x(O) =p then for all i andj we have jx,(t) -xj(t)12= IPi -p12 for all t E R and hence ,A = x'(0) satisfies (4.1). These observations lead to the following definition. Historically, the existence of these two closely related but distinct notions of rigidity and the absence of adequate definitions of both have combined to create widespread confusion. Even today, many engineering textbooks contain material that is, at best, misleading and, at worst, just plain false in connection with rigidity. Griinbaum and Shephard [16] provide a vivid account of this unfortunate situation. The evidence strongly suggests that engineers are primarily interested in infinitesimal rigidity rather than rigidity. This preference is explained by the close connections between infinitesimal rigidity and the study of statics for frameworks (which have led some authors to refer to infinitesimal rigidity as static rigidity). We now embark on a very short course on statics in R3 where the reader should think of frameworks in R3 as actual physical objects whose edges are straight, stiff rods that are connected by articulated joints at the vertices.
Certain systems of internal forces in a framework provide a convenient beginning for this discussion. Consider a framework G(p) in R3 where p E R3v and suppose the various rods of the framework are subject to forces of compression or tension directed along the rods. More precisely, suppose there is associated with each rod [pI,pj] a scalar wC{11 such that wy ,11(Pi-p1) is the force exerted by the rod on the vertex p and wy,j1(pj -p,) is the force exerted by the rod on the vertex pj. The scalar wy,j) thus gives the magnitude of the force per unit length. If wy,j1 <0, the force is called a tension in the rod; while if w{gjj > 0, the force is referred to as a compression. Note that the rod exerts forces on the vertices PA and pj which are equal in magnitude but opposite in direction. In general, a vertex of G(p) will be incident with several rods and our interest focuses on the situation in which the sum of the forces exerted on each vertex equals zero. A stress of a framework G(p) in R3 is a collection of scalars w{,11, one for each edge [ 
Letting w{ =0 for all edges gives the trivial stress, and we say a framework is stress free if it admits only the trivial stress. The degenerate triangle G(p) of Example 4.2 shown in Fig. 4 In light of this, it is clear that a stress of a framework G(p) in R3 is nothing other than the collection of coefficients of a linear dependence among the rows of df(p) (or, equivalently, an element of the kernel of df(p)': Re->R3v, the transpose of df(p)). Thus a framework G(p) in R3 iS stress free if and only if rank df(p) = e, the number of edges of the framework. The next stage in our study of statics allows external forces to act on the framework. If a set of external forces is applied to the vertices of a framework, one force for each vertex, then forces of tension and compression presumably arise in the rods of the framework. Can the framework resolve the set of external forces in the sense that at each vertex the sum of all the forces, internal and external, is zero? If so, is the resolution unique?
Consider a framework G(p) in R3. Since our interest is in statics, we concentrate on external forces of the following type. A vector F=(F1,...,Fv)R eR3V is an -equilibrium force for p =(PI,..,pV) if where x denotes the cross product in R3. The first condition merely says that the sum of the forces Fi is zero while the second condition says that the sum of the moments (or torques) pi X Fi about any axis through the origin of the forces F, applied at the points pi is zero. Together, the conditions imply that the sum of the moments about any axis is zero. On the other hand, we say that F= (F1,..., Fv) E= R3V is a resolvable force for G(p) if there exist scalars wy.), one for each edge [p,,P1] of G(p), such that Fj+ E (0(iA,-}Pi-)=O for I <i <v.
jea(i)
This condition means that the sum of all the forces at every vertex is zero. In these terms, a stress of G(p) is a resolution of the trivial force F=(0,...,0) forp. Therefore image L contains all vectors of the form (0,z) for z E R3. Since image L also contains all vectors of the form (z;p1 x z) for z E-R3, L is clearly onto.
We are now in a position to relate infinitesimal rigidity to the resolvability of equilibrium forces. Proof. Since dimension 63 = rank df(p), dimension E = 3v -6, and 6R c &, we have E c 6R if and only if rank df(p) = 3v -6. But the tangent space Tp to the manifold M is 6-dimensional, since the pointspl, ... ,pv are not coplanar, and thus G(p) is infinitesimally rigid in R3 if and only if dimension kernel df(p) = 6, which is equivalent to rank df(p) = 3v -6. The uniqueness result follows without difficulty from the fact that G(p) is stress free if and only if kernel df(p)t is trivial, which is equivalent to the unique resolvability of the trivial equilibrium force. 5. A Rigidity Predictor. Definition 3.2 and the subsequent discussion make clear that the rigidity or flexibility of a framework G(p) in RI is determined by the nature of the inclusion near p of the manifold M of points congruent to p in the algebraic set f `(f(p)). If f `(f(p)) happens to be a manifold of known dimension near p, then the rigidity or flexibility of G(p) is governed by the dimensions of the two manifolds. This is precisely the situation we direct our attention to here.
For a smooth map f: Rna+Rm, let k = max{rank df(x): x e RI}, the maximum of the rank of the derivative of f. We say that p E R' is a regular point of f if rank df(p) = k. The Implicit Function Theorem implies that f `(f(p)) is an (n -k)-dimensional smooth manifold near p provided p is a regular point of f (see Auslander and MacKenzie [4, Implicit-Parametrization Theorem, p. 32]).
Consider a framework G(p), p=(pI,... pv) e RnV, in Rn with edge function f: Rnv-+Re. Suppose pI, ... ,pv do not lie on a hyperplane in Rn and let M be the n(n + 1)/2-dimensional manifold of points congruent to p. Since the tangent space Tp to M at p is a subset of kernel df(p) by the comment preceding Definition 4.1, we have rank df(p) = nv-dimension kernel df(p) < nv -n(n + 1)/2. One application of the rigidity predictor leads to the notion of the "generic" behavior of an abstract framework in R . Can rigidity in Rn be considered a property of an abstract framework G rather than just a property of particular realizations of the framework in R n? The two frameworks in the plane shown in Fig. 5 are given by the same abstract framework, but the (a) (b) FIG. 5 framework in (a) is flxible in R2 (its bottom edges flop around) while the framework in (b) is rigid in R2 (due to the collinearity of its bottom edges). Therefore, rigidity is not determined solely by the abstract structure of the framework; the location of the vertices must also be taken into account. Another example appears in Fig. 6 where the framework in (a) is rigid in R2 while (a) (b) FIG. 6 the framework in (b) is flexible in R2, even though their underlying abstract frameworks are the same, However, the reader may have noticed that the vertex location in (b) in each case is rather carefully contrived while, in some sense, (a) in each case represents the typical behavior of the framework in R2.
To understand this phenomenon, it is useful to observe that the set of regular points of f is a dense open subset of Rn". For x is a regular point of f if and only if P(x)#O0, where P(x) is the polynomial given by the sum of the squares of the determinants of all k x k submatrices of df(x). Since the rigidity predictor says that the regular realizations p (with affine span R n) of a given The rigidity predictor and the notion of a regular point also serve to clarify the relationship between rigidity and infinitesimal rigidity. Consider a framework G(p) in RI where p E HfV is a regular point of the edge function f. In this case, f -'(f(p)) is a manifold near p whose tangent space atp is kernel df(p). Since M andf -'(f(p)) agree near p if and only if their tangent spaces Tp and kernel df(p) at p are equal and the latter is precisely the definition of infinitesimal rigidity, we conclude that G(p) is rigid in Rin if and only if G(p) is infinitesimally -rigid in Rin. Thus at regular points, rigidity (flexibility) and infinitesimal rigidity (infinitesimal flexibility) are equivalent. Moreover, the following proposition shows that infinitesimal rigidity occurs only at regular points. Proof. In light of -the above observations, it suffices to show that if G(p) is infinitesimally rigid in Rin, then p is a regular point. The intersection of two dense open sets gives a regular point q=(q (fl@ qv)e lV such that qj,..., qv do not lie on a hyperplane in Rin. If G(p) is infinitesimally rigid in Rin, then Tp = kernel df(p) which gives n(n + 1)/2 = nv -rankdf(p). By inequality (5.1) and the fact that q is a point of maximum rank, one obtains rank df(q) <nv-n(n+ 1)/2= rank df(p) < rank df(q) which says that p is a regular point of f. 6. Frameworks Given by Convex Polyhedra in R3. Let C be a convex polyhedron in R3, i.e., the convex hull of a finite set of noncoplanar points in Hi3. A vertex of C is a point which is the intersection of C with a support plane of C, while an edge of C is a closed line segment which is the intersection of C with a support plane of C. Suppose C has v vertices with coordinates P ,pvE Hi3. Let V { ,...,v) and E={{i,j}:[AiPj1]isanedgeof C).
Then we refer to G(p) where G = (V, E) and p=(p ,... ,pv) as the framework in Hi3 given by C. Which convex polyhedra in R3 give rigid frameworks in R3 and which give flexible frameworks in H3? Suppose G(p) is the framework given by a convex polyhedron C in Hi3. We now show that G(p) is stress free, i.e., rank df(p) = e where f: R 3tv--Re is the edge function of G and e is the number of edges of G. This implies that max{rank df(x):xE R3) =e and thus p is a regular point of f. Consequently, the rigidity predictor (Proposition 5.1) with n = 3 allows one to determine the rigidity or flexibility of G(p) by the simplest imaginable procedure-just count the number of edges of C and compare the result to 3v -6. Furthermore, the results can even be interpreted "infinitesimally" if desired, since rigidity (flexibility) and infinitesimal rigidity (infinitesimal flexibility) amount to the same thing at regular points.
The proof that rank df(p) = e has two parts, both of which originate in Cauchy's proof [91 of the fact that two convex polyhedra in Hi3 with corresponding faces congruent and "arranged in the same way" are themselves congruent. (More formally, the hypothesis of Cauchy's Theorem says that there exists a one-to-one correspondence 4i between the sets of vertices of the two polyhedras such that S is the set of vertices of a face of one polyhedron if and only if +(S) is the set of vertices of a face of the other and, furthermore, the map 4, preserves distances between vertices on corresponding faces.) One part is of a topological nature and deals with graphs on a polyhedron, while the other is of a geometrical nature and relies on the convexity of the polyhedron. The particular arrangement of ideas used here is due to Alexandrov [1] and Gluck [15] , and related results appear in Dehn [14] and Weyl [23] .
Consider a framework G(p) in R3 given by a convex polyhedron C and suppose there exists a nontrivial linear combination of the rows of df(p) which vanishes; say fiJJ denotes the coefficient of the {i,j} row in this linear combination. Summing each column triple of df(p), we find that wpj)iv(pi-pj)=O forl< i <v (6.1) jea ( We now compute the index I by circling regions rather than vertices. Since the number of sign-changes as one traverses the boundary of a region with n edges is an even number less than or equal to n, we have since the coefficients wij) of edges of G but not G' are zero. First, the index of p, cannot be zero since the scalars wtijl for jEa'(i) are either all positive or all negative in this case. By the convexity of C, there exists a plane in R3 which intersects C only at p; say an equation of the plane is n * (P -x) = 0, where n E R3 is a normal to the plane. Since all the vertices of G' except PA lie on one side of the plane, n * (P -p1) is either positive for all je a'(i) or negative for all j E a'(i). Therefore,
which is impossible since (6.2) gives
Moreover, a similar argument shows that the index of PA cannot be two, since in this case there is a set of edges of G' marked + followed by a set of edges marked -in the cycle of edges around PA. By the convexity of C, there exists a plane through p, with the edges of G' incident with pi marked + on one side of the plane and those marked -on the other side of the plane. If an equation of this plane is n (pi -x) =0, we have n' (pi -pj) of one sign for all the edges marked + and of the opposite sign for those marked-. Thus by (6.2)
This contradiction completes the proof of Lemma 6.2. THEOREM 6.3. Let G(p), p E R3v, be the framework in R3 given by a convex polyhedron C and suppose f is the edge function of G. Then rank df(p)= e, the number of edges of C.
Proof. We suppose that G(p) admits a nontrivial stress and arrive at a contradiction. We attach the symbols + and -to some of the edges of C according to the signs in a nontrivial stress and let G' be the graph induced by the marked edges of C. By Lemmas 6.1 and 6.2 we have I < 4v'-8 <4v' <I where I is the index and v' the number of vertices of G'. This contradiction shows that G(p) is stress free and thus rank df(p) = e. Therefore, in light of the rigidity predictor, the rigidity or flexibility of a framework arising from a convex polyhedron is determined by a simple comparison of e and 3v -6. However, this same comparison arises in another quite different way. Consider a convex polyhedron C in R3 with v vertices, e edges, and f faces of which f, have exactly n edges. By Euler's formula, 3v -6 = 3(v -2) = 3(e -f) = e + (2e -3f). with equality if and only if f=f3, i.e., every face of C is a triangle. Therefore e < 3v -6 with equality if and only if every face of C is a triangle, which leads to the following corollary. Proof. by Theorem 6.3, rank df(p) = e where e is the number of edges of C and f is the edge function of G. Therefore, p = (P ,p-,) is a regular point of f and clearly P ,...pv are not coplanar. By the rigidity predictor, G(p) is rigid in R3 if and only if e = rank df(p) = 3v -6. But, as we just observed,' e = 3v -6 if and only if every face of C is a triangle.
7. Concluding Remarks. The e = 3v -6 test for rigidity arising from Theorem 6.3 and the rigidity predictor has certainly not escaped the attention of engineers. In fact, the inaccuracies that mar many accounts of rigidity stem from attempts to apply this simple formula to all frameworks in R3. It is not difficult to find examples showing this is inappropriate.
For instance, consider the framework G(p) in R3 shown in Fig. 7 , which is a tetrahedron with a triangle in the plane of its base. A simple geometrical argument using the very special location of the three vertices in the interior of the base of the tetrahedron shows that G(p) is rigid in R3 even though e < 3v -6. (Note Theorem 6.3 is not applicable since G(p) is not the framework given by a convex polyhedron in R3 in the sense defined in Section 6.) However, it is quite easy to show that the framework G (in fact, any framework with e < 3v -6) is generically flexible or, equivalently, always infinitesimally flexible in R3. FIG. 7 FIG. 8 On the other hand, there exist frameworks with e = 3v -6 which are not only flexible but even generically flexible in R3. For example, the framework G(p) shown in Fig. 8 is flexible in R3 since one half of the framework rotates relative to the other around the dotted line shown, and this is clearly the typical behavior of G in R3. However, for planar graphs with at least three vertices, it can be shown using Steinitz's Theorem that e=3v-6 is a necessary and sufficient condition for generic rigidity in R3. Of course, this does not preclude the existence of (a small set of) flexible realizations of a planar graph satisfying e = 3v -6. For instance, Bricard [8] describes all of the flexible realizations of the framework arising from an octahedron in R3. Since the surfaces of all these flexible octahedra are self-intersecting, one can conclude that the framework given by any embedded octahedron is rigid in R3. The conjecture, a version of which Euler proposed in 1766, that all embedded polyhedral surfaces are rigid, has recently been settled by [January an ingenious counterexample of Connelly [10] , [11] , [12] . This flexible polyhedral surface is a collection of triangles joined together along common edges in such a way as to form a closed (but not convex) polyhedron without self-intersections in R3. Its remarkable property is that the collection of vertices and edges of the triangles forms a flexible framework in R3. While Corollary 6.4 tells us that the framework given by a cube is flexible in R3, it gives no information about the "braced" cube obtained by adding new diagonal edges across some (or perhaps all) of the six faces of the cube. Since such frameworks are surely of interest, we conclude with a short discussion of frameworks which arise in various more general ways from convex polyhedra in R3. Incidentally, this is not meant to imply that frameworks arising in one way or another from convex polyhedra are the only interesting or important ones from either a mathematical or a structural point of view-these are simply the only frameworks about which much is known.
For a framework G(p) obtained from a convex polyhedron C by first adding new vertices in the interior of edges of C (so each edge of C is now subdivided by edges of G(p)) and then adding new noncrossing diagonal edges across each face of C, Alexandrov [1, Chapter 10] shows that G(p) is stress free, i.e., rank df(p) equals the number of edges of G. Therefore, for such frameworks, G(p) is rigid (or, equivalently, infinitesimally rigid) in R3 if and only if G(p) forms a triangulation of the surface of C. A version of Alexandrov's proof appears in Asimow and Roth [3] .
If new vertices are also allowed in the interior of faces of C before the addition of the new noncrossing edges in the faces of C, then the resulting framework may admit nontrivial stresses. A stress { wfi,j: {i,j} an edge of G) of a framework G(p) is called a facial stress if there exists a face of C such that w1,,, = 0 for all edges [pI,p1] which do not lie in the face. Whiteley [24] proves a significant generalization of Alexandrov's result which states that, for such frameworks, every stress is a sum of facial stresses. Related results based on the study of infinitesimal flexings rather than stresses appear in Connelly [13] .
Finally, what happens if new vertices are present in the interior of faces of C before the faces of C are triangulated by noncrossing edges? In this case, the framework G(p) is not infinitesimally rigid in R3 (to the&vertices in the interior of a face, assign vectors which are perpendicular to the face and assign zero vectors to the remaining vertices in order to obtain an infinitesimal flexing), p is not a regular point of the edge function f, and G(p) admits nontrivial stresses. Nevertheless, Connelly [13] shows that G(p) is rigid in 3 by examining the second derivative of the preservation of edge length conditions. In other words, every triangulation of the surface of a convex polyhedron in R3 gives a rigid framework in R3.
